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Gý�´�j�f �-�¯�Ç*6�W	ò�>654ÿE÷ (n− 1)(n− 2) !Q&é�)&éFJ���{
> �-�½4ÿE÷n !Q�•���PEÃ
�9ç�Ç0��ö �X!”
�F �-���*�*�¾Pœ�D0��[�ã1†,´*6�W0��ö�¡�Û�é�x �(�R�y�)�-Gý�´Lf!åM0?±�—>| v Ež�X

+a!”
�?ñ �-*6�W0��ö�¡�Û�é�x�j�¶�Î)à4ã�ð
w>‘ �-�å�Ç
8B;�k�+�Ã�œ�£�W1yL�NÈ �-�WG-�6�é�xAîAÑ�@
�Z.�Ež� ,´ �-F	�g�JFP�@	•AÞ,´FJ���=�r�ÖE³Q� �-�,8$	•AÞ,´�x)·E³�~ �XL¿
>�-.D0¦65���)�h� Ež�é�x�…
�0.D0¦ �X �k�y�y�8�¤ �- �.���K�;�´�`�/
¼ �A�b�?���B�(�R�R�) J¸�) t < N/5 CoCr,´�õ�å �-AîAÑ�¶�0�Z�9Ež	•AÞ �-�¦�
Añ�¶�œ�£
�W�-	•AÞJ¸�) t < N/2 CoCr�õ�å"Ñ�92î.ž,´Ež�=�r�Ö �X ���b�?���`�Q�p1y �(�R�k�) ���*:‡
=,´�ÄEž	•AÞ �-�¦�D�
Añ�¶
�œ�£�W�X�)�¾ t = 1 ,´�õ�å �-
X �k�y�R�y�¤ �A�b�?���B1y �(�R�j�) Añ�>�¶ N > 5 �&Cã���¹�˜,´AÑ1Ç�08\�-� �¦�D�
Añ
�œ�£�W�-�����•Añ�>�¶
X�=�Ñ�˜�ü�Ò�g�j Q
»�;,´�0�Z�TEž	•AÞ �-���9�$
�L€�f,´CoCr Q�? �X �k�y�R�9�¤�H#§
1y �(�R�9�) �i�ž*6�W	ò�>65
<�&63<•-l�}�Y,ú
¼K¯F��Y,ú,´�õ�å �-�*�¾�=�¼�˜���Ÿ�Ø�1	Š�8 Q
» �-���*F2+X�¾
�2!•FJ��,´�œ�£,´ (2, 2) *6�W0��ö�¡�Û�é�x �X �k�y�R�8�¤ �h�B���M1y �(�R�8�) 63<•�=
<	ò�>652«
» �-�*�¾CM
&�ß	Š�8
 Q
» �-	•AÞ	ò�>65�i�ž���%
¼CM
&�ß�•�­G÷
�>|�Ø �-���*CM
&�ß*6�W0��ö�¡�Û�é�x �-�vB��é�x,´FJ���=�r
�ÖE³Q��-FP�@	•AÞ�x)·�~�; �X
<�¤ �- �:�Q�`�/�Q�M
¼ �G�B�m1y �(�R�e�) Añ�>
XKIB��wAî�; �-Añ�>�
AñEÃ�*�PFB,´�9Ež	•
AÞ?±"��Î)à�œ�£�W
 Lî �-���*�¶L�L€�˜
<�1�Ð�ö�é�x �-�qAè	ò�>65�6�i�W�ö�·�i
��jMŽ�]!’�é,´�œJÕ �-�=
+X�Î�ÐNÍ�F,´Ež�a
����4*6	ò�>65�]!’,´�õ�å �X
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�\�·J¸�)�:F L�NÈ���*�TEž*6�W0��ö�¡�Û�é�x �XOÆ�x�Y+X	ü4ï�W�)�WCXAîAÑ�0�Z.�Aö�¯B*�é�x �-B��é
�x%�Cã.�Aö�¯B*,´5��Ê�W
¼LÀ;ÿ�W?±"r �-*6�W	ò�>65
��Y+X�¯B*�lP¼Añ0��ö�-NÍ,´�9�x�W �X�¦!Q �-�i�ž	ò
�>652«
» �-�*�¾CM
&�ß	Š�8 �-�6�À*6�W	ò�>65G÷
�,´>|�Ø1†+•
¼���%3+5� �-63<•*6�W	ò�>65,´�x+X �-.D0¦*6
�W0��ö�¡�Û�é�x,´CM
&�ß
w>‘L�NÈ �X�Y+X �ó
w	0�64ô �ô�M�# �-
XGý�´Lf!å�6*6�W	ò�>65�6�94ô �-�¦�6�Ç�`,´
0��ö�-NÍ�6�j�T�Z�¡�€0��ö �-�—>|!“�Ã	ý
A
4�6
��0Ež,´�64ôEœ
��¡�€0��öLf!å
¼�œ�0Lf!å �-�´FP�*�TEž
(t, n) *6�W0��ö�¡�Û�é�x �X�0
> �-�>)à�9,´�¨
»*6�W0��ö�¡�Û�é�xF�>|�)"� �-F��0!•>˜�>�\�·�p���é�x
X%�
Cã�¹�˜�W,´
<�& �-�õ�TEž�a
�Gý�´�*0��ö �-
�!”�x)·�$Q� �X

�k Nº�=.�Aü

�\8²�û4ý	ü4ï�W�P�4
¼	Š�8Aê,´-(�£.�Aö �X

�k�X�R
�4õ�]�V�:

�Ð�• �RAî G1 
¼ G2 �6�[�j�Ð#��Ú)ß5Ô
¼�ˆ#��Ú)ß5Ô �-�D |G1| = |G2| = p�-g �j5Ô G1 ,´+O�@�s�X�²
�Ì%�Cã�;�G�WCX�,

�R�V	ü4ï�W�W�, �)�+�?,´ P1, P2 ∈ G1 
¼ a, b ∈ Z∗
q �-�9 e(P a

1 , P
b
2 ) = e(P1, P2)

ab�X

�k�VMŽF0	F�W�, �ˆ
X P1, P2 ∈ G1�-�¯�Ç e(P1, P2) ̸= 1�X

�j�V
�AÑ1Ç�W�, �)�+�?,´ P1, P2 ∈ G1�-�ˆ
X�9�x,´1Ç#�
�AÑ1Ç e(P1, P2)�X

�I0 �P�4 e : G1 ×G1 → G2 �j	ü4ï�W�P�4 �X

�Ð�• �k 	ü4ï�W �.�B�{�2�@�>�2�H�H�K���ML�NÈ �U�"�.�>�S�V�,
X (G1, G2, e) �] �-5	�Ê (P, aP, bP, cP )�- �)�¾�+�?,´
a, b, c ∈ Z∗

q �-AÑ1Çe(p, p)abc ∈ G2�X

�"�.�> �wAî�, 
X"r@� �"�.�> L�NÈ�: �-�=�ˆ
X �S�S�h1Ç#��9�=
��-+•,´�H�ï �X

�k�X�k	•�>Að-.�©.�Aü

	Š�8Aê�]AÔ�j	ò�>65�_*6�W,´ �-*6�W	ò�>65�k�_���0�W	F8�DÛ�Y,ú�j>|�Ø-��7 �X�)�¾*6�W0��ö�¡�Û
	•AÞ6<@0�- 
X0��öGý�´Lf!å �-OÆ�x�- ����G-�#?±�Ç�`0��ö �- �¦!Q �- �#?±�$�A,´�ê�Ç�`0��ö �- 	ò�>65,´�f,ú
�õ�ÍC†�¾	Š�8,´EÃ�*�l	£�x+X�-� �l �X*6�W	ò�>65,´Lö
8Aà�j N = {P1, P2, · · · , Pn}�-σi >˜/j	ò�>65
Pi G÷
�,´1†+• �-σ = (σ1, σ2, · · · , σn) >˜/j n �Z	ò�>65,´1†+•4ô
8 �-σ−i = (σ1, · · · , σi−1, σi+1, · · · , σn)

>˜/jL”�¶	ò�>65 Pi �F�¦�‰)Ù�æ,´1†+• �- �)�¾1†+•4ô
8 σ = (σ1, σ2, · · · , σn) 
¼ σ′ = (σ′
1, σ

′
2, · · · , σ′

n)�-
(σ′

i, σ−i) = (σ1, · · · , σi−1, σ
′, σi+1, · · · , σn) >˜/j 	ò�>65 Pi ,´1†+•�j σ′

i�- �¦ �� 	ò�>65�9'—1†+•4ô
8
σ−i = (σ1, · · · , σi−1, σi+1, · · · , σn) �—>|	•AÞ�Xo = (o1, o2, · · · , on) >˜/j	•AÞ,´EÃ�*5��Ì �- �I�9���;�T/ý
�õ�å �,

�R�V9�	ò�>65 Pi !“.ž,´EÃ�*0��ö s�-�I oi = 1�c

�k�V9�	ò�>65 Pi "Ñ�9EÃ�*!“.ž,´0��ö s�-�I oi = 0�X

�Ð�• �j �U�x+X�-�  �Vui(σ) >˜/j�ƒ	ò�>65�9'—1†+•4ô
8 σ �—>|	•AÞ�&	ò�>65 Pi ,´�x+X�-�  �Xui(o) >˜
/jEÃ�*�j o �&	ò�>65 Pi ,´�x+X �-Aà	ò�>65 Pi �¶@��`-O!“,´0��ö �-�I ui(o) = 1�-
V�I ui(o) = 0�X�)�¾EÃ
�*5��Ì o 
¼ o′ 6<@0�-	ò�>65,´�x+X�-� �9�²�;�wAî �,

�R�Voi > o′i ⇒ ui(o) > ui(o
′)�c

�k�Voi = o′i �D
∑

j∈N oj <
∑

j∈N o′j ⇒ ui(o) > u′
i(o) �X

�;M’�Ê�y	ò�>65 Pi ,´�x+X�-� �l �,

�R�Vui(o) = U+ >˜/j	ò�>65 Pi �Ç�`0��ö �-�¦�‰	ò�>65"Ñ�9�Ç�`0��ö �c

�k�Vui(o) = U >˜/j�p�9	ò�>65 Pi G-�Ç�`0��ö �c

�j�Vui(o) = U− >˜/j�p�9	ò�>65
w"Ñ�9�Ç�`0��ö �c

�9�Vui(o) = U−− >˜/j	ò�>65 Pi "Ñ�9�Ç�`0��ö �-�¦�‰	ò�>65�Ç�`0��ö �X

�Ð�• �9 �U	Š�8 �VΓ = {N,S, u} >˜/j	Š�8,´�9�s4ô �- �¦�] N = {P1, P2, · · · , Pn} >˜/j	ò�>65,´Lö
8 �-
S = {S1, S2, · · · , Sn} >˜/j1†+•0ªL$ �-u = {u1, u2, · · · , un} >˜/j�x+XLö
8 �X
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�Ð�• �8 �U�¼�˜���Ÿ�™�…�?	Š�8 �V
X�™�…�?	Š�8 G �] �-9�	ò�>65 Pi ∈ P ,´2«
» Ti ∈ Ti �j�¦/ñ�ê���Ÿ �-
�¦�] Ti �j	ò�>65 Pi ,´2«
»0ªL$ �-�I0 G �j�¼�˜���Ÿ�™�…�?	Š�8 �-	•AÞ	ò�>65
X!ÿ!QG÷
�>|�Ø�{
>G-�J
�$�à�)�¦��	ò�>652«
»�6�3,´�T�Ý �X

�Ð�• �e �U�¼5¾CM
&�ß
w>‘�V5	�* S 
¼ ρ�-(S; ρ) 0 �Œ�¼5¾CM
&�ß
w>‘�ƒ�D�õ�ƒ1†+•���%3+5� (S; ρ) %�
Cã�R�V�@�9�V�,

�R�V5	�Ê1†+•4ô
8 S�-�)�¾�+�?,´ Pi ∈ �S 
¼ Ii ∈ �Ai�-Pi 
X�¦�p�4,´8²&é�:,´���% ρ(Ii) ∈ ∆(Ii)�X
�k�V�wAîF�5�	Š�8+a	ò�>65 Pi ,´���ŸLö Ii ∈ �Ai 
¼���% ρ(Ii) �Ê�y �-1†+•���%3+5� (S; ρ) �_�þ Ii �0�û

,´4ã�ð
w>‘ �X
�j�VCM
&�ß?ô�I
¼1†+•4ô
8 S �ã�Ê�¶
X�+�…
w>‘D��´���ŸLö�:,´���% �X	£�²�Ì Ii ∈ �Ai �_	ò�>65 Pi �9

'—1†+•4ô
8 S �Î)à!“�²)·,´���ŸLö �-FÓ�x�i�žCM
&�ß?ô�I
�AÑ1Ç�Ç�* ρ(Ii) ∈ ∆(Ii)�X
�9�VCM
&�ß?ô�I
¼
�7-�õ�å�;,´	ò�>65,´1†+•4ô
8 S �ã�Ê�¶�+�…MŽ�£>‘D��´���ŸLö�:,´���%�Ä

�j �0�Ä
�4õ�]�/,º�ZE¤�<4ú*<�]0��ü�§�á�ï�~

�\�·�ÿF ,´�é�x�E�•��5Š�j�f �, 
X�é�x�—>|E÷0;�] �-9��9	ò�>65�9�•/ë>|�j �-�I�)!jPÇ65�9�0�Z�œ�0
,´��5Š�l �-�¦�6�¦�„L”�é�x �X�*�¾ �"�.�> �wAî�-�Y+X	ü4ï�W�).�Aö�¯B*�é�x
¼/ë�“�)� LîNÈAîAÑ
�P¼Añ,´
*6�W0��ö�¡�Û�é�x �-�\�é�x�6�j0��ö�¡�ÛLf!å
¼0��öGý�´Lf!å �-�¦�]0��öGý�´Lf!å	5���64ôEœ
�Lf!å
¼�œ
�0Lf!å �X

�j�X�R 
%F?1Œ+›Lü
>
Â���+315�

�6 n �}*6�W	ò�>65�6�j �j �Z4ô�- �6�[Aà�j A = {A1, A2, · · · , Aa}�-B = {B1, B2, · · · , Bb}�-C =

{C1, C2, · · · , Cc}�- �¦�] �-a + b + c = n�- 	ò�>65��4ô�j	…�}F�>|FJ�� �- 8�'f?ô�Ê�¶!ÿ�Z	ò�>65,´2«
» �-
!ÿ4ô�µ,´
4�Z	ò�>652«
»-(
< �X 2«
»0ªL$ T = TA × TB × TC �- �¦ �] �- A 4ô�µ	ò�>65,´2«
»0ªL$�j
TA = {Ah, Ad}�-B 4ô�µ,´	ò�>652«
»0ªL$�j TB = {Bh}�-C 4ô�µ,´	ò�>652«
»0ªL$�j TC = {Ch}�-h >˜
/j	ò�>65,´2«
»�_ �ó�­ �ô,´ �-d >˜/j	ò�>65,´2«
»�_ �ó
• �ô,´ �-FÓ�x�-
X2«
»0ªL$ TA, TB 
¼ TC �:,´�²)·�6
�3 θA�ÃθB 
¼ θC �6�[�j �,

θhA = �S�(̀Ah|B), θdA = �S�(̀Ad|B), s.t.θhA + θdA = 1

θhB = �S�(̀Bh|C) = 1, θdB = �S�(̀Bd|C) = 0

θhC = �S�(̀Ch|A) = 1, θdC = �S�(̀Cd|A) = 0

A,B,C �94ô�µ ,´ 	ò �>65,´>| �ØLö
8 �6 �[ �j MA = {C,D, �[�m�B�iA}�- MB = {C, �[�m�B�iB}�- MC =

{C, �[�m�B�iC}�-A 4ô�]	ò�>65,´�0�Z4ß1†+•4ô
8 SA ∈ SA = {(s1, s3)h, (s2, s3)d}�-B 4ô	ò�>65,´�0�Z4ß1†+•
sB ∈ SB = {(s1, s3)}�-C 4ô	ò�>65,´�0�Z4ß1†+• sC ∈ SC = {(s1, s3)}�- �¦�] s1 ∈ {C}, s2 ∈ {D}, s3 ∈
{�[�m�B�iA, �[�m�B�iB}�X


X*6�W0��ö�¡�Û�é�x,´�0
>�œ�0Lf!å�Y+XCM
&�ß?ô�I �-A 4ô	ò�>65,´���%�_�£�¾ B 4ô	ò�>65>|�ØLö

8�:,´�²)·�6�3 �,

β : TB → ∆(MB), s.t.β(C) + β(�[�m�B�iB) = 1

B 4ô	ò�>65,´���%�_�£�¾ C 4ô	ò�>65>|�ØLö
8�:,´�²)·�6�3 �,

γ : TC → ∆(MC), s.t.γ(C) + β(�[�m�B�iC) = 1

C 4ô	ò�>65,´���%�_�£�¾ A 4ô	ò�>65>|�ØLö
8�:,´�²)·�6�3 �,

αh, αd : TA → ∆(MA), s.t.αh(C) + αh(D) + αh(�[�m�B�i)A = 1

αd(C) + αd(D) + αd(�[�m�B�iB) = 1
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�j�X�k 315�	ø�¦

�\�·�´FP,´ (t, n) *6�W0��ö�¡�Û�é�x�] �-L�L€�l 1 < t 6 1 + n/3�U!ÿ�Z	ò�>658�DÛ�9�0�Z�-NÍ �-
XGý
�´E÷0;�]8#�J
����½�Ç�`
��F�04ô	ò�>65,´ n/3 �Z�-NÍ �V�-Aà0��ö�6
�65�j D�-n �Z*6�W	ò�>65,´Lö
8�j
N = {P1, P2, · · · , Pn}�-�6
�65?±
X n �Z	ò�>65L$�¡�Û,´0��ö�j s ∈ Z∗

q �X

�j�X�j �ï�~��F&

�R�V0��ö�6�ÛLf!å

�a�i�2�T�R�6
�65 D �)0��ö s �Î�í�¯B* �,C0 = C(s) = e(sP, P +Q), s ∈ Z∗
q �X

�a�i�2�T�k�6
�65 D L¿�jF9�� t−1 !Q�JN©�? f(x) =
∑t−1

j=0 ajx
j �-�¦�] s0 = s�-aj ∈ Z∗

q (j = 1, 2, · · · , t−1),

AÑ1Ç�¦�œ�0�¯�Ý Cj = C(aj)(j = 1, 2, · · · , t− 1)�X

�a�i�2�T�j�6
�65 D AÑ1Çsi = f(i) �¦
�F15		ò�>65 Pi�-Pi �f�`0��ö�-NÍ si 
>
����i�ž

C(si) =

t−1∏
j=0

Cij

j �U�R�V

P¼Añ0��ö�-NÍ,´!“.ž�W �X

9� �U�R�V�?�@0û�-�I Pi �f�`,´0��ö�-NÍ�_!“.ž,´ �-
V�I�_KIB�,´ �X�Ç�` t �Z�-NÍ
> �-
��Y+X �G���;�`���M�;�2
���l�JN©�?Gý�´0��ö

s =
∏
i∈B

(si ·
∏

j∈B\{i}

0− xj

xi − xj
) �K�Q�/q �U�k�V

�¦�Y+X C0 �•P¼AñGý�´�*,´0��ö s ,´!“.ž�W �,

C0 = e(sP, P +Q) = e(P, P )se(P,Q)s �U�j�V

�6 n �}*6�W	ò�>65�6�j �j �Z4ô�- �6�[Aà�j A = {A1, A2, · · · , Aa}�-B = {B1, B2, · · · , Bb}�-C =

{C1, C2, · · · , Cc}�- �¦�] a + b + c = n�-Ai L¿�jF9���0!Q�JN©�?�68��!,´0��ö�-NÍ�ö�6�j�04ô�¡�€0�
�ö (sAi1, S

A
i2)(i = 1, 2, · · · , a)�- �¦�œ�0�)0��ö�-NÍ
¼�¡�€0��ö,´�¯B* �- 
<*6�68��!,´0��ö�-NÍ�6�[�ö�6�j

(sBi1, S
B
i2)(i = 1, 2, · · · , b)�-(sCi1, SC

i2)(i = 1, 2, · · · , c)�-�¦�œ�0�)0��ö�-NÍ
¼�¡�€0��ö,´�¯B* �X

�k�V0��öGý�´Lf!å

���X�64ôEœ
�Lf!å

�_�Q�m�M�/ �R

�a�i�2�T�RA 4ô�p�9�@
ˆ
A B 4ô�@
ˆ�œ�0�¯�Ý�¦�¡�€0��ö sAi1�X

�a�i�2�T�kB 4ô�@
ˆ�Y+X A 4ô�@
ˆ�œ�0,´�¯B*P¼Añ�Ç�` sAi1 ,´!“.ž�W �-�²�ÌP¼AñFJE÷�-	•AÞF��•�;�0!• �-

V�I �-
A�¦�‰	ò�>65�¯�Ý Ai �_!jPÇ65 �-�*AÞ�6 Ai �„L”�*�p �-Gý�àF�>|�™�‰n− 1 �ê�64ôEœ
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